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Notation u, = lateral ¢yclic puch. deg
Scalars u; = tail rotor collective pitch. deg
' =\ -] g(A) = minimum singular value of matrix A
; = arburan, number of cigenyalues F(A) = maximum singular value of matriy A
m = pumber of controls Y = puch angle. rad
" = number of states ¢ = roll angle. rad
n. = normal acceleration of ¢.g.. ¢'s
P = roll rate. rad sec Vectors
q = pitch rate. rad sec u = control vector, |u,. 1. .t}
r = yaw rate. rad’scc u, = command control vector trom control mixer
s = Laplace operator X = state vector, [u, . w.p. q. r. ¢. 8]’
u = forward velocity. fsee x = cstimatc of state vector
: = lateral velocity, ftsee v = measurement vector. |p. g. r. n.|?
i = downward velocity. ft sec 5, = pilotinput command vector. [collective. longrtudimal.
z. = r-th transmission zero lateral. directional]’
u, = collective pitch. deg
uy, = longitudinal cychc pitch, deg Matrices
A = open loop dynamics matrix
8 = control distribution matrix
This i a revised version of a paper presented at the 43rd Annual Forum C = measurcement distribution matrix, state vector
of the American Helicopter Soctety. St Lours. Mo.. May, 1987 D = measutement distribution matrix, control vector
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Design of a Multivariable Helicopter Flight Control System for
Handling Qualities Enhancement
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New handling qualities specifications ave currently being developed for attack helicopters. Most unaugmented
helicopters will not meet these specifications and feedhack control is necessary to improve handling gualities so
that safe operation close to the earth in poor weather conditions and or at night is possible. In this paper a
methodology for the direct design of helicopter Rlight control systems which meet handling qualities specifications
is presented. This methodology uses full state feedback to place closed loop eigenvalues to achieve bandwidth
specifications and to shape closed loop eigenvectors to decouple lateral and fongitudinal responses to control
inputs. Full state feedback requires that all state variables be known: however. only angular rates and normal
acceleration are measured by sensors. Thus. a state estimator is required in the feedback loop in order to convert
sensor outputs 1o control inpots. This estimator is designed using eigenstructure assigpnment so as to achieve
loop transfer recovery. Design of a feedback system for use in precise hovering control for a modern attack
helicopter is used to illustrate the method. Control Jaw synthesis is accomplished using an eighth order model
which includes only rigid body modes. Control law performance is evaluated using a 37th order model which
includes rigid body, actuator. rotor. sensor. and flexure dynamics. 1t is found that a notch filter must be added
to the design in order to eliminate 2 high frequency instability. Once this is accomplished. both the time and
frequency response characteristics of the augmented helicopter are much improved compared with the unaug-
mented helicopter,
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Ets) = mubtiplicative error matrix. GJ '(s) Giaty) — /
G() = open loop transfer matrix. Ctfs — A) 'B

Fisr = full state loop transier matrix. Kils — A) 'B

H = control mixer for pilot commands

K} = compensator trunster matrix. K'(/s A = BN +
LCVv 'L

K = teedback gain matriy

L = estimator gain matrix

Superscripts

T = transposed

-1 = mverse

Subscripts

H = &th order model

37 = 37th order model

Introduction

R ccently a number of papers have appeared which discuss

the applhication of vanious modern feedback control design
techmygues to helicopter tlight control synthesis. In the past.
classical single-input-singie-output (S1SO) frequency response
techniques have been used to design control laws for helicopter
thght control systems. However. since helicopter responses to
control inputs are highly coupled. helicopter dyvnamics arc char-
acterized by multi-mput-multi-output (MIMO) mathematical
models and use of classical SISO techmques may require a
great deal of tme. consuming trial and error effort. Modern
MIMO techmgues are well sutted to the design of control laws
tor heltcopters. and numerous papers have appeared which
describe such applicattons. These include linear quadratic reg-
ulator theory (Rets. 1- 2y multivariable loop shaping (Ret. 3),
modet tollowing (Ref 4). optimal output feedback design (Ret.
Sicand H' techniques (Ref. 6). The advantages and disadvan
tages of some of these technigues are discussed in Ret. 5 The
objective of this paper is to present the apphcation of another
techmque. eigenstructure assignment, to the design of i heli-
copter theht control system.

Eigenstructure assignment 1s a technique for svathesis of
feedback control laws which allows the designer to directly
place closed loop cigenvalues and eigenvectors in specified
configurations. These configurations are selected so that the
closed loop response characteristics of the controlled helicopter
satisty handling qualities specifications. In this paper eigen-
structure assignment is used to synthesize control laws for pre-
cise control of forward. side and vertical velocity and vaw rate
for an attack helicopter in hover. It is desired to have pilot
longitudinal stick commands correspond to forward velocity .
lateral suick to side veloenty, collective to vertical velocity, and
pedal position o vaw rate. Coupling between longitudinal .
lateral. vertical velocity and yaw modes is to be minimized.
The closed loop bandw idth must be large enough to nsure crisp
response to pilot inputs and the closed loop dynamic response
should be stable 1n the presence of errors in the design model.
duc to eftects such as unmodeled dynamics. nonlincasitics, and
varations 1n parameters.

The rest of the paper is divided into five parts. First. the
mathematical models used for both control system design and
evaluation are discussed. Next. the performance requirements
which the closed loop helicopter must meet are described. The
design of the control system is outlined in the third major
section and the cvaluation and modification of the design is
given in the fourth scction. The last section consists of con-
clusions and suggestions for additional work.

Mathematical Models
The helicopter modeled in this study is a modern attack
helicopter similar to the YAH-64 (Ref. 3). The control laws
are designed using an erghth-order rigid body model and cval-
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uated using a thirty-seventh-order model which includes ac-
tuator. rotor, sensor. and flexure dynamics. Main rotor collective
pitch. longitudinal cyclic pitch. fateral cyche pitch. and twl
rotor collective pitch are the control inputs. Three body rate
gyvroscopes and an accelerometer which measures normal ac-
celeration are used as sensors. The mathematical model used
is semi-empirical and was developed for the hover thght con-
dition. The lincarized rigid body equations of motion are ex-
pressed in standard state variable form as

= Ay ~ Bu (h
v =Cx + Du (3]

The A, B. C. and D matrices were obtained by numerical
linearization of 4 nonlincar analvtical modcl of the helicopter
and are given in Table 1. The actuator-rator and sensor flexural
dynamics models used are given tin Fig. 1 and were obtamed
from flight test data. Sensor outputs were measured and re-
corded tor pilot 1nputs at various frequencies. The transter
functions shown in Fig. 1 were obtained by fitting assumed
forms of the input and output transfer tunctuons coupled with
the model given in Egs. (1) and 12) to the measured data and
numerically adjusting time constants. damping factors. and nat-
ural trequencies unul the trequency response of the madel
matched that of the helicopter. The validity of this type of
model for flight control design was vernified in Ret. 31n which
a flight control system was designed using a model similar to
that given in Table | and Fig. 1. This control system was
successtully flight tested.

The open loop eigenvalues and non-dimensional ergenvectors
of the design model are given in Table 2. Non-dimensionali-
zaton of the state vector was achieved by dividing the hincar
velocities by 25 ttsec. the angular rates by 200 deg see. and
the angular displacements by 20 deg. These are the masimum
values of the state variables expected during hover mancuvers
The control variables were non-dimensionalized by dividing
by their maximum values of 9 deg collective. 15 deg long-
tudinal cvclic, 8.75 deg lateral evelic, and 18.5 deg il rotor
collective pitch.

Examination of the cigenvectors and eigenvalues in lable 2
indicates significant couphng between lateral and longitudinal
modes. Both forward and side velocities exhibit low frequency
instabilitics and as i» discussed i the next section. the band-
width in the pitch. vertical velocity, and yaw directions is not
large enough to guarantee leve! 1 handling qualities. In addition
to the modal coupling. examination ot the control distribution
matrix B in Table | reveals strong control coupling between
lateral cyclic. longitudinal cyclic. and tail rotor collective. Only
main rotor collective 1s relatively uncoupled. Time histories of
open loop responses to a lateral evelic step input are shown n
Fig. 2. The response of the unaugmented helicopter is indicated
by solid lines. It can be seen that the responses about all axes
become very large duc to the unstable cigenvalues and signit-
icant coupling which exists between modes,

The dynamic responses for the helicopter modeled in this
study are typical of most high performance helicopters. Sim-
ulations and flight tests have shown that even experienced hel-
icopter pilots are unable to accomplish relatively ssmple hover
tasks in conditions of degraded visual cucing and or divided
attentions tasks with such typical helicopter dvnamics (Refs.
7. 8). However flight tests with variable stabihity helicopters
have shown that stability augmentation is an cffectine method
for compensating for missing visual cues and for use in situ-
ations in which the pilot must devote a significant amount of
timie to tasks other than piloting.

Performance Requirements

Three response types have been proposed to quantify mission
oriented rotorcraft handling quality requirements (Refs. 7-9).
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Table 1 State and Gain Matrices

A=
—-.0286 —-.0637 L0205 .2290 7.9700 ~.2570 0000 ~ 32.0000
0779 =.2310 0059 —8.2900 - 1.0300 - 1.6400 32.0000 1640
0046 -.0257 =.2610 -.3790 2.2500 2.1900 1.6000 ~ 3.25800
0079 -.0500 0095 - 2.70000 -.1340 —.6620 0000 0000
0047 0118 .0002 -.0092 =.7500 024 L0000 L0000
0039 -.0049 .0008 - L0500 4130 —.4000 0000 0000
0000 0000 0000 1.06000 —.0051 1030 0000 L0000
0000 0000 0000 L8000 19990 0499 0000 0000
B =
4350 5760 =.1140 -.0009
- . 1580 L1360 4910 2820
—=4.2700 0573 —.0250 L0012
- 0438 —.0600 6470 L0800
072 —.1010 =.0900 —.0019
L0800 0097 L2000 —.0458
0000 000 L0000 000
000 L0000 L0000 0000
C =
L0000 KLU 0000 1.0000 L0000 L0000 0000 A000
L6000 0000 L0000 L0000 1.0000 L0000 0000 000
K00 L0000 0000 0000 0000 L0000 000 000
=.0001 L0008 L0081 0118 -.0699 - .0681 L0000 A0
D=
000 L0000 L0000 L0000
0000 (0 000 0000
000 000 LK) 000
1327 —.0018 0008 0.0000
H =
L6733 - 0785 — 0883 — 0044
~.1258 1.1040 =.2381 — 02558
- 0897 0832 L2833 1003
7622 L3354 B386 — 8169
1. =
LIL2ID + 05 1.0690D + 03 = 1.9342D + 04 6.0963D + 04
L.O68S7D + 05 1.0088D + 03 = LRIBED + 04 2.8262D+04
=9.7419D + 08 =9.4997D + 05 1.6548D + 05 — 3. 1487D + 05
3.8381D+03 2.7094D + 03 -3.3212b+02 1.4736D + 03
= 1L6101D+ 03 = 6.4545D + 02 2.8823D+02 ~11125D+ 03
= 1L6727D + 04 - 1L.65MD+ 04 3.0605D + 03 ~9.5008D + 03
3.9652D + 01 3.6522D +01 -7.3853D + 00 2.3223D+ 01
4.88610D + 00 6.13940) + 00 =8.3640D - 01 2.8294D + 00
K =
—.0541 ~.0145 ~.1802 =.1214 9174 -~ .§795 -1.9272 4.0079
5974 -.1784 0396 ~.4143 —32.4650 -3.7509 =6.2656 ~ 34,0280
0628 —-.0046 0335 3469 - .6961 4.1961 6.2384 =2.9799
246 0013 -.1782 241517 - 18.3387 — 40,6498 21.6354 ~ 20,3557

These are as follows:

1. Rate Command (RC)
2. Attitude Command with Attitude Hold (ACAH)
3. Translation Rate Command with Position Hold (TRCPH)

In RC systems. attitude must diverge from trim for at least
4 scconds following a step input cormmand. In ACAH. a con-
stant control input must produce a proportional angular dis-
placement and must maintain this attitude in the presence of
external disturbances. In TRCPH. constant control input must
result in constant transiational ratc and the rotorcraft must hold
position if the force on the cockpit controller is zero. TRCPH
systems arc preferred 1n nap of the carth mancuvers in fair to
poor usable cuc environments. In fair usable cuc environments

considerable concentration is required for the pilot to pereeive
pitch or o}l attitude and lateral. longitudinal. or verucal trans-
lation rates (Ret. 7). The use of cigenstructure assignment for
the design of RC and RCAH has been discussed in a previous
paper (Ref. 10): therefore. this paper will concentrate on syn-
thesis of a TRCPH using eigenstructure assignment

Both clascical (Ref. t1) and modern handling qualines lit-
craturc (Refs. 7-9) indicate minimum bandwidths of 2 rad'sec
in pitch. roll, and yaw rate and/or attitude and 0.25 10 0.75
rad/scc in vertical velocity are required for level | handling
qualities. In addition. coupling betwcen lateral. longitudinal,
vertical velocity. and vaw modcs should be minimized. Band-
width requirements of 0.2 to 1 rad'sec have been postulated
for TRCPH (Ref. 12).
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modes: (A) for real eigenvalues, (w,; £) for complex eigenvalues.

Feedback controf systems must marntain stability in the pres-
enee of both uncertainties and errors in the mathematical models
used for design and 1n varations inosvstem parameters during
actual operations. This 1s termed stability robustness. Stabihiny
robustness 15 usually spectfied indirectly 1n terms of gain and
phase margin. Mimmum gain margins of 6 db and minimum
phase margins ot 43 are typical stabihty criteria used for con-
trol law design.

Control Law Synthesis

The control law design pracess is performed in two stages
tor this study . First. a tfull state regulator s developed using
cigenstructure assignment. Even though good decoupling of
the closed loop cigenvectors 1y achieved. control coupling of
the hehicopter s so great that control command mixing s re-
quired  Both the feedback control law and the mixer are de-
stgned assuming tull state feedback. The feedback control law
cannot be implemented directly since all svstem states cannot
be measured. Thus 1t i necessary to realize the control law by
means of a state estimator in the feedback loop. The state
esumator s svnthesized using an eigenstructure assignment
technigue which results in recovery ot the loop transter prop-
crtes of the tull state regulator,
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Fig. 2 Open loop and full state closed loop responses to a side velocity
command: open loop, ---- full state feedback.

Full State Regulator
The teedback control Taw is & hinear tunction of the state
w = ~—Kx Ry}
The feedback gain matrix K is selected to give a desired
closed loop cigenvalucicigenvector configuration. The theony
for cigenstructure assignment by feedback control s given in

Table 2 Open-Loop Eigenvalues, Eighth-Order Model

Open-Loop Eigenvalues
1. —3.2610 + .0000i roll
2. —.9760 + .0000i pitch
3. 0820 = .6296i side velocity
4. 1100 = 51470 forward velocity
5. —.2588 t+ .0428i yaw'vertical
Open-Loop Eigenvectors

I 2. 3. 4. s, _
u -.0024 3608 -.0710 + MO¥ - 0462 + 4723 - 024 — 1983
D -.0784 .0102 =.2171 + .1269i —.0979 + 1297 0616 + 0923
w -.0012 0525 0040 + 02440 0082 + 0MIi -.0949 + 5468
p —.8923 0373 4334 - 23520 —.0066 — .1424i L0850 + .00Rdi
q 0268 ~.6131 ~.0234 + .2872i 0666 + .2828i L0488 + 0270
r -.3407 L3338 3382 + .4070i 4026 + .2892i - 7740 — . 1489i
& 2844 ~.0767 -.2699 - .3026i —.1982 — .1093i =023 + 02Mi
] = .00 6104 4785 + 07270 5862 — 04310 — 02587 - 0799
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Refs. 13-17. The details of the application of the theory to the
problem described in this paper is given in Ref. 17: therefore.
this section will be limited to a discussion of the philosophy
of design and a presentaton of the results. The desired cigen-
values and eigenvectors for the final design are shown in Table 3.
The desired eigenvalues were selected to satisty the handling
qualities specifications described above. The roll cigenvalue
was selected to give a roll bandwidth of 3.5 rad sce. a pitch
bandwidth of 2.9 rad'sec. a yaw bandwidth of 3 rad scc. and
a vertical velocity bandwidth of 1 radsec. The eigenvalues
associated with the forward and side velocities were selected
to be complex with a natural frequency of 0.9 rad-sec and a
damping factor of 0.9. This resulted in bandwidths of about |
rad sec for the forward and side velocities as well as the vertical
velocity.

The desired cigenvectors are shown in Table 3. The first
desired cigenvector associated with roll rate. p. 1s made equal
to unity. Since the roll angle. ¢. is the integral of the roll rate.
the element associated with roll angle is the inverse of the rol}
cigenvilue. Also. since some side slip is inevitable when the
hehicopter s rolled. an arbitrary non-zero element is assoctated
with side velocity. All other clements of this eigenvector are
zero. The two complex eigenvectors assoctated with the side
velocity complex roots, —0.802 = 0.3887. have side veloctty

MULTIVARIABLE FLIGHT CONTROLS 27

elements equal to one and arbitrary non-zero values associated
with roll rate and roll angle. All other elements are zero. Thus
the lateral modes. roll and side ship. are decoupled from the
longitudinal, vertical velocity and yaw rate modes. The desired
cigenvectors associated with the pitch eigenvalue. —2.9. and
the forward velocity eigenvectors associated with —0.801 =
0.3871. are selected in a similar manner to decouple the ton-
gitudinal modes from the lateral. vertical velocity and yaw rate
modes. The cigenvector associated with the vertical velocity
eigenvalue. —1.0. is selected so that all components are zero
except the vertical velocity. which is unity. Similarlv. all cte-
ments of the eigenvector associated with the vaw rate mode.
— 3.0. are sclected as zeros. except for the element associated
with the yaw rate which is chosen to be unity.

The attainable eigenvectors for a unity weighting on the squared
error between all elements of the desired and attainable cigen-
vectors are shown in Table 2. Examination of the cigenvectors
associated with roll indicates excellent decoupling between this
and all modes. except the side velocity. The pitch mode is also
decoupled from all modes except the forward velocity - Yaw
and vertical velocity modes are also decoupled from the other
modes. There ts mild vaw coupling in the side velocity cigen-
vecter and a more severe vertical velocity coupling mn the for-
ward velocity cigenvector. Responses were significantly

Table 3 Closed Loop Desired and Attainable Eigenvalues and Eigenvectors

Closed-Loop Desired Eigensalues

1. —3.5000 + .0000i roll

2. —2.9000 + .0000i pitch

3. —.8020 = .38B0i side velocity

4. —.8010 = .3870i forward velocity
5. —1.0000 + .0000i heave

6. —3.0000 + .0000i yaw

Closed-L.oop Desired Eigenvectors

1. 2. RE
u 0000 X L0000 + .0000i
’ X L0000 10000 + .0000i
w L0000 L0000 0000 + 0000
p 1.0000 0000 X
q 0000 1.0000 0000 + .0000i
r 0000 L0000 0000 + .0000i
& - .28587 0000 X
L) —.3448 0000 + 00001

4. 5. 6.
L0000 + .0000i 0000 L0080
0000 + .0000i L0000 000
L0000 + 0000 1.0000 .0000
L0000 + .0000i L0000 0000

X 0000 L0000
0000 + .0000i 0000 1.0000
L0000 + .0000i 0000 L0000

000

. A R o X B
R I R N R N N N A S R A R A R N N A I A L R I I I B N N N N L L L N A

UNITY WEIGHTING

® % & e & 2 & X ¥ * x X % & % X & X 5 2 ¥ & 8 ¥ & F F & X F K F X K & & & & X k R £ ¥ X X x X K X & 2 X ® 5 ¥ *

Attainable Eigenvectors

u .0024 -0z 0118 - .0307i
v 0890 —-.0235 4745 — .0000i
w 0.0000 -.0293 —.0375 + .0192i
p 9577 0041 724 + 430
q 0001 9357 0092 + 0564
r - .0002 -.0036 —.0282 + .0555i
& -.2736 0003 —.5925 - .2726i
] 0.0000 -.3223 —.0368 — .0559i

4254 — L0000 —-.1003 -.0112
0131 + 03430 - .0181 —-.0366
-.2279 + 0450 9939 —.0028
L0389 + .0346i .0089 - 0065
—.4185 — .3999i -.0290 -.0073
—.0183 — .0082i -.0014 L9986
—-.0871 - .017ti - .0089 -.0321
6197 + .1999i 0290 -.012

€ 2 8 2 3 B & 2 S & ¥ & 8 * P K & E F NS KRR SR X E R kN K KRR & KK KX N R Kk E

FINAL WEIGHTING

P I I T R I I R T I A R I e A I I B R A A A B AR A A A A A S AT AR NS T I N I B A L

Attainable Eigenvectors

u 0024 -.1381 0118 - 030N
¥ 0890 -.0235 4737 + .0000i
w 0.0000 -~.0293 -.0376 + .0193i
P 9577 0041 3720 + 44730
q 0001 9357 0084 + .0581i
r -.0002 -.0036 -.0028 + .0056i
L -.273 L0003 —.5943 - .2708i
[ 0.0000 -.3223 -.039 ~ .0549i

4143 + .0000i —-.100} -0
009} + .0332i -.0181 -.0366
—~.0024 + .0000i 9939 -.0028
0408 + 0377 0089 ~.0065
- 4350 - 41840 -.029%0 -.0073
-.0192 -~ .0085i -.0014 9986
—.0606 — .0194i - .0089 -.0321
6440 + 20750 029 -.0142
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decoupled. except in the two cases mentioned above. This was
corrected by weighting the error between the desired and at-
tainable vertical velocity element in the forward velocity ei-
genvector by a factor of 100. The vaw couphing. while not
serious. was also reduced by increasing the weighting on the
error in the vaw direction between the desired and attainable
side velocity eigenvectors by a factor of 10. The attamable
eigenvectors for this set of weighting terms are shown in Table
3. The resulting time histories for lateral step input for this
design are shown in Fig. 2 by dashed lines. It can be seen that
excclient decoupling has been attained. The forward velocity
is nearly zero. as is the vertical velocity. Yaw and pitch angular
velocities and pitch angle are also nearly zero. The roll angle
overshoots its steady state value enough to produce a ncarly
constant side acceleration. which exists until the commanded
side velocity is achieved. The roll angle then decreases until
the side foree is sufficient to counteract the steady state drag
in the lateral direction, thercby maintaining constant side ve-
locity . Similar results were obtained for longitudinal. collec-
tive. and dircctional commands. The gamn matnix. A, for this
design s given in Table |,

In single-input-single-output (SISO) systems. stability ro-
bustness 1s measured by gain and phase margins obtained from
Bode or Nyyuist diagrams. For vanations in the input gain and
phasc. the MIMO cquivalent of these classical stability margins
v the minimum singular value (MSV) of the return difterence
matrix |/ ~ K()Gesi] for s = fw (Refs 18-21) The MIMO
cain and phase margins can be expressed as

Gan Margin (GN) = 20 logel (1 = MS\V)Y

Phase Margin (PM) = = cos “tb = (MSVY 2 )

For a mmimum singular value of unity . the gain margins are
infinity and 6 db. with no change in phase at the input. and
the phase margins are = 60 deg with no change in gain at the
input.

The munimum singular value of the return ditference matrix
tor the tull state design is plotted (solid hiney versus frquency
in Fig. 4. The minimum singular value of 0.67 occurs at 2.3
rad sce. From Eq. 4 this corresponds to gain margins of 9.63 db
and 4,45 db and phase margins of =39 deg. Simce the math
model of the helicopter is felt to be reasonably accurate in this
tfrequency range. 1t was felt that these margins were sufficiently
large to guarantee stability. This proved not to be the case,
however.

Control Mixer Design

Even with the modal decouphing in the closed loop system,
the control coupling resutted in excessively coupled responses

®
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Fig. 3 Minimum singular values vs. frequency for full state feedback
and various estimator pole locations.
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and a fined g control mixer was required to convert pilot
inputs to control inputs (note the control mixer deseribed below
was used in obtwining the results 1n Fig. 2). The control muner
was designed by calculating the control 1 reguired to produce
a given steady state response. The details ot this design are
given in Ref. 17. The resulting control muner gam matnin, /.,
1s given i Table 1. The closed loop system equations are now

A =1{A - BNl ~ BHS, (5)
where &, represents pilot command.

Compensator Design

The control law developed above requires knowledee of the
complete state vector. Since only measurements of roll. pitch.
and vaw rates and normal acceleration are avatlable. o state
estimator s required in the feedback toop. The control i

w = —Ax 1
where s the estimate of the state given by the state estimator
A=Ay ~ Bu + Liv = Cv = Dw (M

1t is well known that an estimator such ax given by Eq 7 may
not recover the stability margins of the full state controller
(Refs. 18-21). In fact. the stability margins may be very poor.
even though those of the full state controller may be exceelient
As described in Ref. 220 an estimator which recovers the tull
state loop transter stability properties can be designed by ap-
propriate sclection of the esumator gain matrin L such that:
(1) j of the closed loop eigenvalues of A — LC approach the
finite transmission zeros of the plant. Ges): (21 the remaining
n — jclosed loop cigenvalues approach nfinity. and (3) the
left closed loop eigenvectors of A — LC assovated wath the
finite cigenvalues approaches the lett zero direction of the timite
transmission zeros. This resubts in a controller in which the full
state loop transfer matrix Fs) is approximated by the com-
pensator loop transter matrix A'ts)1Ges) up to the frequency of
the infinity poles.
The fimte transmission zeros of G(s) were calculated as

5= 00
= 00
o= —0.02147
o= —0.11224
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In designing the estimator. the gain matrix L was selected
to place the two of the estimator poles at =, and =, and two of
the estimator poles at —0.01 and — 0.012 (these approximate
the transmission zeros at zero). Initially the remaining estimator
poles were placed at - 10. ~ 12, and -5 = 8.666i (thesc
approximate the transmission zeros at infinity). The resulting
singular value plot is shown in Fig. 4. Stability margins are
almost noncxistent. The *‘infinity’” pole locations were in-
crcased by a factor of ten to —100. — 120, —50 =86.666i.
The singular value improves substantially but is still unsatis-
factory at high frequencies. Finally. the ““infinity™" pole lo-
cations were increased by another factor of eight to —800.
—960. —400 = 692.3i. This pole configuration resulted in
essentially full recovery of the full state singular values over
the entire frequency range. The resulting estimator gain matrix.
L. 1s given in Table 3.

Evaluation

The design developed above using the eighth-order model
was evaluated using the 37th order model described in Fig. 1.
The MIMO gencralized gain and phase margins of 9.63 and
- 4.45 dband = 39 degrees were felt to be adequate to provide
stabihity in the presence of unmodeled dynamics. However. the
closed loop 37th order system exhibited an instability near 30
rad s due to coupling between the main rotor collectivesactuator
dvnamics and the sensor flexural dynamics as measured by the
normal accelerometer. Instabilities resulting from rotor and sen-
sor dynamics have been noted by Chen and Hindson (Ref. 23)
and Hall and Bryson (Ref. 1), To better understand the source
of the instability the multiplicative error matrix. E(s). between
the 8th order model and the 37th order model was computed
at various frequencics. This matrix is defined (Ref. [8) as

Gos) = Gy + E(s)) &

To be assured stability in the face of modeling errors E(s). it
is known (Ref. 18) that at all frequencies

all + (KiGy) "= G(E) (9

A plot of these two functions 1s shown in Fig. S. The large
error peak near 30 rad’s crosses the mimimum singular value
curve verifying the source of the instability. To alleviate this
probiem one might increase the order of the design model to
include dynamics in the 30 rad/s range and completely redesign
the compensator. However. a filter on the accelerometer signal
which notched out the set of complex poles at 30 rad/s and
rolied off at 200 rad/s was implemented and was found to
eliminate the instability.

Transient responses to pilot commands for the 37th order
model with the notch filter are given in Fig. 5. Figure 5 illus-
trates a pure side velocity maneuver resulting from step pilot
lateral input. of 1 ftrsec. In this case longitudinal, vertical
velocity. and yaw responses are minimal. In general. the re-
sponses in Fig. 6 arc very close to the full state responses of
Fig. 2 with the exception of small lags due to actuator dynam-
ics. The contral deflections required to achieve these responses
were not large (Ref. 17).

Closed loop transfer functions between pilot commands and
system outputs are shown in Fig. 6. These figures demonstrate
(as the transient responses did) that the closed loop system is
now characterized by simple decoupled first order responses
over the desired bandwidth range. The vertical velocity. for-
ward. and sideslip transfer functions arc flat until about 0.8
rad/sec and then begin to roll off. The yaw transfer function
is flat until about | radssec then rolls off. If necessary the
bandwidth on these transfer functions could have been in-
creased by increasing the natural frequency of the complex
closed loop eigenvalues.

ﬁ—

MULTIVARIABLE FLIGHT CONTROLS 29
15 3
100 2r
8 g
(%] (4
£ st RN
= >
0 0
ST e e i
Time (sec) Time (sec)
1 5
P [
; 4
£ o5t Q-st
= °
3 IJ ot
s 1 5 3 4 15T ) 2 3 a
Time (sec) Time (sec)
20 0
!
s |
5
2 o °f
S0 3 |
< =~ ok
5t ! !
R T ) 4 BT R 1
Time (sec) Time (sec)

Fig. § Closed loop time responses to a side velocity command—237th
order model.

Conclusions
The eigenstructure design techmques described in this paper
provide a usetul method for the design of control laws for
helicopter flight control systems for precision hover tasks. Usc
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Fig. 6 Bode plots of closed loop transfer functions between input
commands and system outputs.
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of MIMO gain and phase margins based on minimum singular
values of the loop gain did not predict an instability duc to
actuatorrrotor and sensor‘flexural dynamics in the collective
control loop. This instability was eliminated by filtering the
accelerometer output through a notceh filter. The use of an error
model derived from an estimate of the dyvnamics neglected in
the design model did predict the instability and it is recom-
mended that this approach to evaloating stability margins be
used in the future. The state estimator in the teedback loop
required high gains. This might cause problems in actual im-
plementation unless the sensor outputs are filtered. Also. the
effects of digital implementation of the control laws might cause
difficulties if the sampling and computational rates are suffi-
ciently slow . but this 1» dependent on hardware considerations
and Is not addressed in this paper.
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